A mesoscopic thermodynamic theory of fast phenomena is proposed. In principle, such a description should include an infinite number of moments of the velocity distribution; in a frequency -wave-number space the corresponding transport coeKcients would be expressed in terms of a continued fraction expansion. Our objective is to eliminate from the description a maximum number of fast variables. This is achieved by deriving an asymptotic expression of the continued fraction. This procedure allows for a considerable reduction of the number of relevant variables, which are generally identified as the classical variables, such as energy and velocity, complemented by their corresponding dissipative cruxes, namely, the heat and the momentum fluxes. Two applications are investigated: ultrasound propagation in dilute gases and heat transport in dielectric crystals at very low temperature, where the phenomena of second sound is observed. It is shown that for ultrasound propagation, the inhuence of the fast variables can be described by introducing so-called effective relaxation times. This results in better agreement with experiments than earlier theoretical models and casts a light on the foundation of mesoscopic formalisms, such as extended irreversible thermodynamics.
I. INTRODUCTION
The classical theory of irreversible processes [1] , based on the local-equilibrium hypothesis, is valid at low frequencies and long wavelengths.
In more specific terms, this formalism is applicable when the frequencies of the phenomena are much lower than the collision frequency between particles and when the wavelengths are much longer than the mean free path; it is tantamount to saying that the characteristic lengths describing the variation of the macroscopic parameters (such as, for instance, temperature, velocity, and density) must be much larger than the mean free path. It is of course highly desirable to extend the domain of validity of the classical theory of irreversible processes to high-frequency and shortwavelength phenomena. This has fostered the interest towards the formulation of theories with emphasis on nonlocality, both in time and space, and nonlinearity. There is of course a limit that cannot be crossed and is characterized by frequencies larger than the co11ision frequency and wavelengths much shorter than the mean free path; under these conditions, the particles no longer behave collectively but individually.
There exists an interesting intermediate region when
the frequency is of the order of 10 ' times the collision frequency, which should be open to a thermodynamic description. Of course, the task is not a trivial one as the validity of classical thermodynamics is guaranteed only when the frequency is much lower than the collision frequency (of the order of 10 or 10 times the collision frequency or lower). There are, however, two arguments to push the formalism beyond the classical limits. First, the experimental data on light scattering in gases and neutron scattering in liquids have received a decisive interpretation in molecular hydrodynamics [2] . This is a formalism that borrows its general structure from classical hydrodynamics, but with transport coefficients depending on the frequency and the wavelength. A priori it may be surprising that macroscopic concepts such as viscosity or thermal conductivity remain significant at the microscopic scale of atoms and molecules, because originally they were defined at different time and length scales. Since a macroscopic theory such as hydrodynamics turns out to be applicable at the molecular scale, it seems logical to ask whether thermodynamics, another macroscopic theory having a similar epistemological structure as hydrodynarnics, could not be assessed the same status.
The second argument is inspired by the recent and intensive developments of the theory of chaos [3] . Because of the sensitivity of phase trajectories with respect to initial conditions, the microscopic information will be lost at an exponential rate. This means that after a short delay (say a few times the collision time), one should cross the frontier between reversibility and irreversibility and the system would be characterized by a thermodynamic behavior. Grad [5] , who expands the nonequilibrium distribution function in terms of higher-order moments, which behave as independent variables. Grad truncated his expansion after fourteen moments: the first five are related to the five conserved variables and the remaining nine components are identified as the heat flux and the viscous pressure tensor components (in reality, the viscous pressure tensor of an ideal gas contains only five, rather than six, independent variables and therefore Grad s original expansion was limited to thirteen moments, the fourteenth moment corresponding to the bulk viscous pressure, which is identically zero in ideal gases). The main difficulty raised by Grad's expansion is that it lacks a smallness parameter and therefore it is not clear at all whether this truncation after 13 or 14 moments is legitimate.
The aim of the present work is to examine under which conditions a thermodynamic description based on an intermediate number of variables is possible. As mentioned earlier, the problem is of fundamental importance in the development of modern thermodynamics; as an illustration of the procedure, wave propagation in dilute gases and heat transport in rigid solids at very low temperature are investigated.
II. HIERARCHY OF HIGHER-ORDER FLUXES
We propose a way to extend the domain of application of classical nonequilibrium thermodynamics [1] . There 
Many physical applications of Eq. (4a) have been studied, e.g. , [7 -14] . It is also important to realize that Eq. (2) or (4a) (1) and (2) is that the first one predicts that thermal pulses propagate with an infinite speed at high frequencies and does not allow for a second sound. These problems are circumvented by using Eq. (2) , which was derived on thermodynamic bases by introducing the heat Aux q as extra variable in the formalism [7, 8] . However, it is also known that Cattaneo's relation (2) is not sufficient to grasp some experimental data, for instance, the value of the phase velocity derived from Eq. (2) is not in agreement with measured values at~(
where a'") denotes the production term of Q("' and Q"' is identified as the heat Aux q. In Sec. III, particular examples of the hierarchy expressed by (8) are considered.
To remain on general bases but having in mind a simple physical phenomenon such as heat conduction, it is assumed [18] that for a rigid heat conductor, there exists a nonequilibrium entropy that is a function of the internal energy u and a set of Auxes of tensorial order n ranging from 1 to infinity, i.e. , s =s(u, Q"), . . . , Q'"', . . . ).
In differential form, one has (9) wherein the coefficients a"may be temperature dependent and will be identified later on, the symbol denotes the n-fold product between tensors of order n, and the factor p is introduced for convenience. In addition, a generalized entropy fIux is defined as 
which is clearly a quadratic expression in the fiuxes. In virtue of the second law of thermodynamics, expression (14) of (r' is positive definite and as a consequence the quantities A, and a"/r"must be positive. On the other hand, it has been shown [7, 8] that thermodynamic stability requires that a" is positive, so that~" is also positive.
%'e remark that since k is proportional to~1 , the entropy production, for constant values of the cruxes, will tend to zero when the relaxation times~1 ,~2, . .. ,~"are all diverging; such a result is not surprising because in that case there are no collisions among the particles and one has a purely mechanical motion of free independent particles, which is reversible.
Before considering the behavior of this hierarchy of higher-order fluxes, let us indicate how to obtain in a particular case an explicit expression for the coefficients a". Let us particularize the hierarchy of evolution equations (8) in the case of an n-order fiux Q"=Q&, when the source term obeys Callaway's approximation [19] ,namely, 1 (r"= -Q; . . . , +n Equation (8) can then be written as gt Q&i, i"&+ g Q&i, i"&k , ) . (15) Moreover, it was shown by Dreyer and Struchtrup [19] that the (n +1)th-or der fiux Q&; . . . ; &k is related to 1 n cruxes of lower order by the recurrence formula 2 "2n+1 g"' i", &~i"&k+Q&i, i"k& (16) wherein c0 is the speed of wave propagation through the medium; for a gas of particles, it is the sound velocity, for a phonon gas, it is Debye's speed. 5, )k means that the n corresponding component is zero except for i"=k.
For further purposes, let us consider one-dimensional heat propagation in the x, direction. After substitution of formula (16) in (15) , it is checked that [19] Q&i, In parallel with the above derivation, a hierarchy of equations for the moments of the distribution function has been established by Velasco and Garcia-Colin [17] and Hess [20] in the case of ideal monatomic gases. Using the projection operator technique, Mori [21] proposed another hierarchy of equations to generalize the Langevin equations. Such results are important, as they assess that the hierarchy derived in this work rests on statistical bases.
In the present analysis, it is assumed that the set of evolution equations is linear. Of course, a more general study should contain nonlinear terms, but in this case, the corresponding entropy production would (25) where co=(5k&T/3m )' is the adiabatic sound velocity in monatomic gases. However, experimental observations predict that [8, 22, 23] Equations (19) and (20) , from one side, and (22) and (23) , from the other side, have been used to study ultrasound propagation in monatomic gases. From the results (24) , it is found that within the high-frequency limit, u1trasounds propagate with a velocity U given bỹ "h) q +q= -XVT Bt (19) (21) where v is the kinematic viscosity. Equations (19) and (20) are usually referred to as Maxwell-Cattaneo equations. However, as mentioned earlier, they do not present the general structure of evolution equations as divergence terms expressing the exchange with the external environment are missing. For this reason, Eqs. (19) and (20) 
At the nth order, the thermal conductivity is written as 2l"k
where~"and l are the limits of v. "and l" for n =~.
To establish (31), we have used the general results established in Ref. [24] .
The thermal conductivity corresponding to Cattaneo's equation (2) For the sake of simplicity, we limit our analysis to one-dimensional heat propagation. The hierarchy of evolution equations for the fiuxes Q(; . . . ; ) was established 1 n earlier and is given by the set (17) . Moreover, since phonons interact via R and N processes, it is natural to introduce both relaxation times~R and wz into the description. Referring to Callaway's kinetic theory of phonons, we shall make the identification [19] for n =1, '=~R '+~g'=~' for n )1 .
(42) (43) Since n =1 corresponds to Cattaneo's formalism, it is natural to take r, equal to r~. The hypothesis (43) expressing that all the relaxation times are identical for n )1 rejects the property that within a good approximation, the relaxation times of the higher-order moments are of the same order of magnitude [17, 19] .
It is easily checked that the hierarchy (17) leads to the following dispersion relation, when use is made of (42) and (43) Programming is also acknowledged.
